
IV.Cohomology of a chain complex

1. Let C = {Cp, ∂} be a chain complex of abelian groups (or R-modules) and
G be an abelian group ( or an R-module).

Cp(C; G) = Hom(Cp, G) : p-dimensional cochain group of C.
(or HomR(Cp, G) : p-dimensional cochain R-module of C.)

coboundary operator δ : Cp → Cp+1 is the dual of ∂ : Cp+1 → Cp.
⇒ δ2 = 0, since ∂2 = 0.

// Cp+2
∂ // Cp+1

∂ //

α◦∂ ""FFF
FF

Cp
//

α²²

· · ·

G

δ(α) := α ◦ ∂�Ð &ñ
_�÷& 9, ¢̧ô�Ç
δ2(α) := (α◦∂)◦∂ = α◦∂2 = 0s�
$í
wn�ô�Ç��. ����"f,

· · · → Cp+1
∂→ Cp

∂→ Cp−1
∂→ · · ·

⇒ · · · ← Cp+1 δ← Cp δ← Cp−1 ← · · · : C∗ = {Cp, δ} : cochain complex.

Homology of C∗ is the cohomology of C :
Zp(C; G) := ker δ ⊂ Cp, Bp(C; G) := im δ ⊂ Zp(C; G)
Hp(C; G) := Zp(C; G)/Bp(C; G)

: cohomology of C with coefficient G in dim p

Simplicial cohomology if C is the simplicial chain complex.
Singular cohomology if C is the singular chain complex.

2. Cohomology of augmented chain complex,

· · · // Cp
// · · · // C1

// C0
ε // Z // 0

is called the reduced cohomology of C and denoted by H̃p(C; G).

Note

{
H̃p(C; G) = Hp(C; G) if p > 0

H0(C; G) = H̃0(C; G)
⊕

G
(Exercise)

3. Functorial property
A chain map φ : C → D induces a chain map φ̃ : D∗ → C∗ between the

cochain complexes.
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· · · // Cp+1
∂ //

φp+1 ²²

Cp
//

φp²²

· · · ⇒ · · · Cp+1oo Cp
δ
oo · · ·oo

· · · // Dp+1
∂ // Dp

// · · · · · · Dp+1oo

gφp+1

OO

Dp
δ
oo

fφp

OO

· · ·oo

φ ◦ ∂ = ∂ ◦ φ ⇒ φ̃ ◦ ∂ = ∂̃ ◦ φ ⇒ δ ◦ φ̃ = φ̃ ◦ δs� $í
wn�.

Since φ̃ is a chain map, it induces a homomorphism φ∗ : Hp(D; G) → Hp(C; G).
Therefore,

f : X → Y
⇒ f] : Sp(X) → Sp(Y ) : singular chain map.
⇒ f ] : Sp(Y ) → Sp(X) : singular cochain map.
⇒ f ∗ : Hp(Y ; G) → Hp(X; G)
,where Hp(X; G) = Hp(S(X); G)
: singular cohomology of X with coefficient G.

Similarly for the simplicial case.

Now

X
f // Y

g // Z

4
σ

OO

f◦σ=f](σ)

88qqqqqqqqq

⇒ (g ◦ f)] = g] ◦ f]

⇒ (g ◦ f)] = f ] ◦ g]

⇒ (g ◦ f)∗ = f ∗ ◦ g∗ in Hp

And id.] = id. ⇒ id.∗ = id.
∴ Hp : T op → Abel. groups(or R−Mod) : contravariant functor.

4. Chain homotopy and equivalence
Let D : φ ' ψ : C → C ′ be a chain homotopy, i.e., ∂D + D∂ = φ− ψ

· · · // Cp+1
∂ //

²²

Cp

D}}{{
{{

∂ //

φ ψ²²

Cp−1

D}}{{
{{

{

// · · · ⇒ · · · Cp+1oo Cp
δ
oo Cp−1

oo · · ·oo

· · · // C
′
p+1 ∂

// C
′
p ∂

// C
′
p−1

// · · · · · · C
′p+1oo

OO eD <<yyyyyy

C
′pδoo

eφeψ
OO

eD

<<yyyyy
C′p−1

oo · · ·oo

∴ D̃ ◦ ∂̃ + ∂̃ ◦ D̃ = φ̃− ψ̃
⇒ δ ◦ D̃ + D̃ ◦ δ = φ̃− ψ̃
⇒ D̃ : φ̃ ' ψ̃, cochain homotopy.
In this case, φ∗ = ψ∗.
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φ : C → C ′, a chain homotopy equivalence
⇒ φ∗ and φ∗ are isomorphisms.

����̧Ça�h� 1 f ' g : X → Y ⇒ f] ' g] : S(X) → S(Y ).
f ∗ = g∗ : H∗(Y ) → H∗(X)

Similarly for pairs, f ' g : (X, A) → (Y, B),
where Hp(X,A; G) := Hp(S(X,A); G).

5. Long exact sequence for pairs.
Recall

0 → S(A) → S(X) → S(X)/S(A) = S(X, A) → 0 : s.e.s.
snake
=⇒ · · · → Hp(A) → Hp(X) → Hp(X,A)

∂∗→ Hp−1(A) → · · · : l.e.s. of (X,A).

More generally,

0 → C → D → E → 0 : s.e.s.
snake
=⇒ · · · → Hp(C) → Hp(D) → Hp(E)

∂∗→ Hp−1(C) → · · · : l.e.s.

If the dual sequence of a short exact sequence is short exact, then we still
obtain a long exact sequence by the snake lemma. But in general,

0 → A → B → C → 0 : s.e.s.
; 0 ← A∗ ← B∗ ← C∗ ← 0 : s.e.s.

i.e., Hom functor does not preserve short exact sequence!

Exactness of Hom functor

Ça�h� 2 (1) B
g→ C → 0 : exact ⇒ Hom(B,G)

eg← Hom(C, G) ← 0 : exact.

(2) A
f→ B

g→ C → 0 : exact

⇒ Hom(A,G)
ef← Hom(B,G)

eg← Hom(C, G) ← 0 : exact.
(3) 0 → A → B → C → 0 : split exact.

⇒ 0 ← Hom(A, G)
ef← Hom(B, G)

eg← Hom(C,G) ← 0 : split exact.
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¤� ÃZ� (1) B
g // //

eg(α)=α◦g $$IIIIII C
α²²

G

Show g̃ is one to one : g̃(α) = α ◦ g = 0
⇒ α = 0 since g is onto.

(2) g ◦ f = 0 ⇒ f̃ ◦ g̃ = 0.

A
f //

0 &&MMMMMMMMM B
g //

β²²

C

β̄xx
G

f̃(β) = β ◦ f = 0
⇒ ker β ⊃ im f = ker g and C ∼= B/ ker g
⇒ β induces β̄ : C → G and
g̃(β̄) = β̄ ◦ g = β

(3)Since short exact sequence splits, there exists p : B → A such that p ◦ f =
idA.

0 // A
f // B
p

ii
g // C // 0

⇒ f̃ ◦ p̃ = ĩd. = id. ⇒ f̃ is onto and Hom-sequence splits.

Remark(1)

0 // Z ×2

f
// Z // Z/2 // 0 exact

⇒ 0 Hom(Z,Z)oo Hom(Z,Z)
efoo Hom(Z/2,Z)oo 0oo exact(?)

\�¦¶ú�(R�Ð���,Äº��� Hom(Z,Z) ∼= Zs��¦����"f f̃��H Z_� 1�̀¦ 2�Ð�Ð?/��H ×2���
mape���̀¦ ·ú� Ãº e����. ����"f onto�� |̈c Ãº \O��¦, Óüt�:r exact�� ��m���.

(2) In general,

0 // Z ×n

f
// Z // Z/n // 0

⇒ Hom(Z, G) Hom(Z, G)ef
×noo Hom(Z/n,G)oo 0oo

Z
f //

ef(α) &&MMMMMMMMM Z
α²²

G

a homomorphism α : Z→ G
is determined by α(1) ∈ G and
hence Hom(Z, G) ∼= G.

f̃(α)(1) = α(f(1)) = α(n) = nα(1) ⇒ f̃(α) = nα

⇒ Hom(Z/n,G) ∼= ker (G
×n→ G)

ëß���� G = Z/ms���� Hom(Z/n,G)��H#Qb�G>�÷&��H��?(Exercise)s�[þt�ÐÂÒ'�Äº
o���H ÅÒ#Q��� finitely generated abelian group A\� @/K�"f Hom(A,G)\�¦ >�íß�
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½+É Ãº e����.

Return to long exact sequence:
Äº��� Sp(X, A)�� frees�Ù¼�Ð

0 // Sp(A) // Sp(X) // Sp(X,A) // 0

splits for each p, hence by the above argument,

0 Sp(A)oo Sp(X)oo Sp(X, A)oo 0oo

is exact(split) for each p. Applying snake lemma, we obtain

· · · Hp(A; G)oo Hp(X; G)oo Hp(X,A; G)oo Hp−1(A; G)
δ∗
oo · · ·oo

Of course, it is also true for reduced cohomology.

Note. In the above l.e.s., the connecting homomorphism δ∗is given as follows.

↓ ↓ ↓ ↑ ↑ ↑

0 // Cp+1
//

∂ ²²

Dp+1
//

∂ ²²

Ep+1
//

∂ ²²

0 ⇒ 0 Cp+1oo Dp+1oo Ep+1oo 0oo

0 // Cp
// Dp

// Ep
// 0 0 Cpoo

OO

Dpoo

OO

Epoo

OO

0oo

↓ ↓ ↓ ↑ ↑ ↑

♥
²²

// •
²²

∂∗uu

0 ♠oo ♣oo

♣ // ♠ // 0 •

OO
δ∗

55

♥oo

OO

Furthermore, long exact sequence is functorial.

0 // C //

²²

D //

²²

E //

²²

0 chain maps

0 // C ′ // D′ // E ′ // 0
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⇒
0 C∗oo D∗oo E∗oo 0oo cochain maps

0 C ′∗oo

OO

D′∗oo

OO

E ′∗oo

OO

0oo

⇒ Functoriality of long exact sequence follows from the earlier result. In
particular, f : (X,A) → (Y, B) ⇒ f∗(f ∗,resp.) induces a homomorphism
for long exact sequence of (X, A)((Y,B),resp.) to the long exact sequence of
(Y, B)((X, A),resp.).

Long exact sequence of triples : A ⊂ B ⊂ X ⇒ ∃ a functorial long exact
sequence,

· · · Hp(B, A)oo Hp(X,A)oo Hp(X, B)oo Hp−1(B, A)
δ∗

oo · · ·oo

�=������,��A�_� short exact sequence\�"f S(X)/S(B)�� frees�Ù¼�Ð, sequence��
splits��¦ 0A\�"fü< °ú s� dualize��¦ snake lemma\�¦ &h�6 x���� ÷&l� M:ë�Hs�
��.

0 // S(B)/S(A) // S(X)/S(A) // S(X)/S(B) // 0

6.(Excision)

Let Ū ⊂ Å.
Then i : (X − U,A − U) ↪→ (X,A) induces an isomorphism i∗ : H∗(X, A) →
H∗(X − U,A− U).

¤� ÃZ� (1st proof)
Recall i : SU(X) ↪→ S(X) is a chain homotopy equivalence, where U =
{X − U,A}, and hence an isomorphism on cohomology.

0 // S(A) //

=²²

SU(X) //

i²²

SU(X)/S(A) //

j²²

0

0 // S(A) // S(X) // S(X)/S(A) // 0

Since SU(X)/S(A) is free, we obtain the following diagram.
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· · · Hp(A)oo Hp(SU(X))oo Hp(SU(X)/S(A))oo · · ·oo

· · · Hp(A)oo

=
OO

Hp(X)oo

∼=i∗
OO

Hp(X,A)oo

j∗
OO

· · ·oo

By the 5-lemma, j∗ is an isomorphism.
Furthermore, SU(X)/S(A) = S(X−U)+S(A)

S(A)
∼= S(X−U)

S(X−U)∩S(A)
= S(X − U,A − U)

and this completes the proof.

(2nd proof)Algebraic Mapping Cone

(1)Construction

Let f : C → D be a chain map. Then mapping cone Cf = E is defined by
Ep = Dp

⊕
Cp−1 with ∂(d, c) = (∂d + f(c),−∂c).

check ∂2 = 0 :

∂2 =

(
∂ f
0 −∂

) (
∂ f
0 −∂

)
=

(
∂2 ∂f − f∂
0 ∂2

)
= 0

Now

0 // Dp
i // Ep

p // Cp−1
// 0

where i(d) = (d, 0) and p(d, c) = c. And

0 // Dp+1
//

∂²²

Dp+1

⊕
Cp

//

∂=

�
∂ f
0 −∂

�
²²

Cp
//

−∂²²

0 commutes

0 // Dp
// Dp

⊕
Cp−1

// Cp−1
// 0

⇒

0 // D i // E p // C ′ // 0 s.e.s. of chain complexes.

where (C
′
p, ∂) = (Cp−1,−∂). Furthermore, by applying snake lemma,

⇒ · · · // Hp(D) // Hp(E) // Hp(C ′) // Hp−1(D) // · · ·
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⇒ · · · // Hp(D) // Hp(Cf) // Hp−1(C)
f∗ // Hp−1(D) // Hp−1(Cf) // · · ·

∴ f∗ : H∗(C) → H∗(D) is an isomorphism if and only if H∗(Cf) = 0.
Similarly for cohomology also, if C is free so that the above short exact se-
quence splits.

(2) Recall the following fact.
Let C be a free chain complex. Then H∗(C) = 0(i.e. C is acyclic) if and only if
id. ' 0(chain contractible). It easily follows from the comparison theorem.

Review of comparison theorem

· · · // Xn
∂ //

²²

Xn−1
∂ //

²²

· · · // X1
∂ //

f1²²

X0
ε //

f0²²

A //

γ
²²

0 augmented free chain complex over A

· · · // X
′
n

∂ // X
′
n−1

∂ // · · · // X
′
1

∂ // X
′
0

ε // A
′ // 0 resolution of A

′

⇒ 1.γ can be lifted to a chain map f : X → X
′
.

2. Any two liftings are chain homotopic.

Let f : C → D be a chain map of free chain complexes. Then the followings
are equivalent.

1. H∗(Cf) = 0
2. f is a chain homotopy equivalence.
3. f∗ is an isomorphism.

¤� ÃZ� Clearly 3 implies 1 and 2 implies 3.
Remains to show 1 implies 2.

H∗(E) = 0 ⇒ ∃T : Dp

⊕
Cp−1(= Ep) → Dp+1

⊕
Cp(= Ep+1) such that

∂T + T∂ = 1.

Let Tp =

(
Rp Ep−1

gp Sp−1

)
, gp : Dp → Cp.

1 = ∂T + T∂ =

(
∂ f
0 −∂

)(
R E
g S

)
+

(
R E
g S

)(
∂ f
0 −∂

)

=

(
∂R + fg ∂E + fS
−∂g −∂S

)
+

(
R∂ Rf + E(−∂)
g∂ gf + S(−∂)

)
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⇒ ∂R + fg + R∂ = 1, −∂g + g∂ = 0, −∂S + gf − S∂ = 1

⇒ ∂R + R∂ = 1− fg
∂g = g∂

}
⇒ g is a chain map and R is a chain

homotopy : 1 ' fg
∂S + S∂ = gf − 1 ⇒ S : 1 ' gf

⇒ chain map g is a chain homotopy inverse of f and f is a chain homotopy
equivalence.

2nd proof of excision theorem
¤� ÃZ� Since i∗ is an isomorphism, i is a chain homotopy equivalence. Therefore,
i∗ is an isomorphism.

(3) Note Let C and D be free chain complexes , R be a P.I.D. and γp : Hp(C) →
Hp(D), ∀ p. Then γ is induced by a chain map (: C → D).

����̧Ça�h� 3 H∗(C) ∼= H∗(D) ⇒ H∗(C) ∼= H∗(D)

¤� ÃZ� Let C and C ′ be free chain complexes and γp : Hp(C) → Hp(C ′) be homo-
morphisms, ∀ p.

0 // Bp
j //

∃α²²

Zp
//

∃β²²

Hp

γp²²

// 0 free

0 // B
′
p

// Z
′
p

// H
′
p

// 0 acyclic

By the comparison theorem, there exist α, β such that the above diagram com-
mutes. We want φ such that the following diagram commutes.

0 // Zp
i //

β²²

Cp
∂

//

φ²²

Bp−1

s

¡¡
//

α²²

0

0 // Z
′
p i

// C
′
p

∂ // B
′
p−1

s
′

^^
// 0
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Since Bp−1 and B
′
p−1 are free, Cp

∼= Zp

⊕
Dp and C

′
p
∼= Z

′
p

⊕
D
′
p, where

Dp = s(Bp−1) and D
′
p = s

′
(B

′
p−1).

Let φ =

(
β 0
0 α

)
. Then the above diagram commutes. Hence,

Cp
//

φ²²

∂

((
Bp−1

j //

α²²

Zp−1
i //

β²²

Cp−1

φ²²

C
′
p

//

∂

66
B
′
p−1

// Z
′
p−1

// C
′
p−1

⇒ φ is a chain map and φ|Z = β certainly induces γ in the first diagram.

7. Hp(pt.; G) =

{
G if p = 0
0 if p > 0

¤� ÃZ� Recall

· · · // S3(= Z) 0 // S2(= Z)
∼= // S1(= Z) 0 // S0(= Z) // 0

⇒

· · · S3(= G)∼=
oo S2(= G)

0
oo S1(= G)∼=

oo S0(= G)
0

oo 0oo

Remark


(contravariant) functoriality property
long exact sequence for pairs with the existence of δ∗

homotopy invariance
excision
dimension axiom 7




⇒ Eilenberg-Steenrod axioms for (co)homology theory and unique for finite
CW-pairs (Reference : Vick)

8. Let {Xα} be the family of path components of X. Then Hp(X) ∼= ∏
α

Hp(Xα)

for any coefficient G.
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¤� ÃZ� Sp(X) =
⊕

Sp(Xα), Zp(X) =
⊕

Zp(Xα), Bp(X) =
⊕

Bp(Xα) and Hom(
⊕

Aα, B) ∼=∏
α

Hom(Aα, B)

9.(MV-sequence)
Same as homology case with reversed arrow of homs.
�ä́V� 16 Check!

10. H̃p(Sn; G) ∼=
{

G if p = n
0 otherwise

Hp(Dn, ∂Dn; G) ∼=
{

G if p = n
0 otherwise

Same MV-sequence for adjunction space, etc.

11. Let X be a CW-complex with C(X) = {Cp(X), ∂}(cellular chain com-
plex). Then Hp(C(X); G) ∼= Hp(X; G)
¤� ÃZ� See 6.(3) ��2£§&ñ
o� 1.(R:P.I.D.)
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